Introduction.
In the theory of the propagation of spherical waves in free space the angular wave functions are Legendre polynomials, P"(cos 6), or associated Legendre polynomials, P™ (cos 6), where n and m are restricted to integral values. These functions are polynomials in cos 8, their properties have been widely studied, numerical values have been tabulated, and in general they may be regarded as known functions.
In more recent years, however, Legendre functions of non-integral order, which we shall denote by PJcos 6), have also occurred in physical problems. Thus, for wave propagation inside a circular horn of given angle, the boundary conditions introduce a characteristic equation which is actually an equation in the parameter v. It has been customary to simplify the problem by choosing horn angles corresponding to integral values of v, but a complete solution should include a study of the behavior of P"(cos 6) as a function of v.
Similarly, in the mode theory of antennas developed by Schelkunoff the appropriate angular wave functions in the antenna region are Legendre functions of order n + 120/K, where n is an integer and K is the characteristic impedance of the biconical antenna to the principal wave. For thin cones K is large and the order of the Legendre functions is nearly, but not quite, integral. Further, when the cone angle is large, v may have quite general real values.
Another application has appeared early this year, when P. Grivetf used Legendre functions of fractional order in the approximate solution of an electron lens problem, with particular emphasis on small values of v.
Thus it appears that the properties of Legendre functions of non-integral order are of quite general interest, and it may be worth while to put on record some formulas that were developed a few years ago in connection with Schelkunoff's antenna theory. At that time the formulas were used to compute values of P"(cos 6), 0 5S d < x, for values of v between 0 and 2 at intervals of 0.1, and curves based on these computations have already been published.** Those curves show P"(cos 6) as a function of 6 for the fractional values of v; in this memorandum we include a table of numerical values (Appendix, Table I ), and also a new set of curves ( Figure 1) showing P"(cos 6) as a function of v for values of 6 between 0° and 175°. We have confined our computations to real values of v, but it might be worth noting that the approximate formulas, and in particular the fundamental series expansions (3) and (17), are also valid for complex values of v, in all regions in which they converge.
The function P"(cos 6) has a logarithmic singularity at 6 = v for all non-integral values of v, and it may be expressed in closed form at 6 = ir/2 for all values of v; hence 
Pn+!(cos e) = -25 cos 9Pn_i+a(cos e) -w "t" 5 P"-2+a(cos fl), where the a's are functions of 6 which can be computed from a set of recurrence relations.
If we write z = sin2 (8/2) we can express the a's in the following form: = -X) 7 = log (1 -2) = 2 log COS ; s
When 6 ^ ir/2 we have z g 1/2 and the series (4) converge quite rapidly, while the successive a's become smaller. The series (3) is valid for either positive or negative values of v, and can be used very conveniently to compute P"(cos 6) for values of v such that | v \ < 1/2. Then the recurrence relations (1) may be used for larger values of v, using also the general relation P-,-, = P" . At v = ±1/2 the convergence is rather slow, except for small values of 6, but the Legendre functions can be expressed in terms of elliptic integrals, Pi/2(cos 0) -1 [2E(™ I")" K{siu I where K and E are the complete elliptic integrals of the first and second kind, respectively. These functions have been frequently tabulated, and may be regarded as known. The [Vol. XI, No. 3 recurrence formulas enable us to express the Legendre functions of order v = n + 1/2 in terms of K and E.
We shall see later that, for small values of v, the first approximation P"(cos 0) ~ 1 + 2j> log cos | 6 (8) is good throughout the range 0 f£ 0 < x. 2. The neighborhood of 0= «/2. When 0 = 7r/2 the value of the Legendre function is Pi cos1-*) = C0S ^ ~ *)!
v 2 J for all values of v. In the neighborhood of it/2 we write 6 = x/2 -a and a series expansion which converges rapidly for small values of a is
When we consider P"(cos ir/2) as a function of v, it can be shown that the first few terms in the expansion of the function (9) in powers of v are P,(cos |) = 1 -v log 2 -|| |j t -(log 2)SJ
These terms, however, check with those obtained in Section 1, since, at 0 = jt/2, When <p is small the series in equation (13) converges rapidly and only a few terms are significant. Further, the first term of the series vanishes with v for small v and thus the dominant terms in the expansion in powers of v are those obtained from the first term in equation (13), P"( cos 9) = Py{ -cos <p) = P"(cos ^>)(l + 2v log sin | <pj (14) 1 + 2v log cos ^ 6. £ If we include the series terms, the expansion in powers of v for small <p found most convenient for computation may be written P,(-cos (?) = P"(cos <p)£cos vtt + ^ "X (log sin | <p + -^(0)ĵ sin vtt , . 2 . , . 
b. -b,(a,+ 7-
The coefficients are of course more complicated than those of equation (3), but if the a's have already been computed the remaining terms may be evaluated without too much labor.
4. Zeros of P,(cos 0). In Grivet's electron lens theory certain focal distances are determined from the roots 60 of P,(cos 6) = 0 and from the values of dPJdd at 6 = 60 . From the_values of Table I and for values of v between 0.5 and 1.5 we combine equation (8) Similar equations can be obtained for larger values of v by repeated use of the recurrence formula, and it is always possible to obtain an equation for the root which expresses log cos 8/2 as the ratio of two polynomials in cos 6. When v is small the root 80 is near ir, and a somewhat more accurate formula is obtained from equation (15):
2 1 -|-2v log cos 2 <P ŵ here 8 = ir -<p. Similarly for v = 1 + 5, where 5 is small, the smallest root can be found from equation (20), but there is a second root near ir which is determined more accurately from the equation , 1 n *■ r. " r(1 + 25) cos 8 -5~| cos 0M5) -^(0) -log sin %8] (nn.
log cos 2 8 = --cot ^LuTW^TTiJ (T+"25) cos 8 + 5 '
In Figure 2 we have indicated by circles the values of the roots obtained from equations (19) and (20) where these may be distinguished from the curve values.
For the derivative of P" at 8 -80 we can find simple formulas by differentiating the approximate formulas (3) and (15). Thus retaining the first three terms in (3) and using the approximation (19) for 80 we find dP, (26) 
